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1. Introduction 

In this article we consider equations of the type 
— An + q o u = p in f2, 

(1-1) *o 

u = v on ou, 

where Q is a bounded C 2 domain in M. N , g is defined onfixf and gou(x) = 
g(x,u(x)). 

We assume that the nonlinearity g satisfies the conditions, 
(a) g(x r )€C(R), g(x,0) = 0, 

(1.2) (b) g(x, ■) is a non decreasing and odd function, 
(c) g(-,t) € L l {VL, p) VtGK 

where 

p{x) = dist (x, dQ). 
The family of functions satisfying these conditions will be denoted by Qq = 

With respect to the data, we assume that v € Ai(dft) and p S A4(Q,p) 
where: 

Ai(dQ) denotes the space of bounded Borel measure on dQ with the usual 
total variation norm. 

J\4(Q,p) denotes the space of signed Radon measure p in Q such that 

pp € where p(x) := dist (x, dQ). 

The norm of a measure p E A4(Q, p) is given by 

IHIfi.p = / P d\p\. 
Jn 

L 1 (Q, y o) denotes the weighted Lebesgue space with weight p. 

We say that u G L 1 ^) is a weak solution of (jl.ip if g o u € L 1 (fi, p) and 
u satisfies the the following, 

(1.3) I (-uAcj) + (g o u)<f>) dx = [ <f>dn- I ^-du V0 € Cg(Q). 
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where 

C 2 (ft) := {<j> G C 2 (n) : 4> = on Oft}. 

Definition 1.1. Given g G Qq, we denote by A4 9 (Q) the set of all measures 
p G Ai(fl,p) such that the boundary value problem 

(1.4) — Au + gou = p in Q; u = on d£l 

possesses a weak solution. If p G A4 9 (Q), we say that p is a good measure 
in VL. 

We denote by M 9 (d£l) the set of all measures v G A4(d£l) such that the 
boundary value problem 

(1.5) — Au + g o u = in CI; u = u on dCl 

possesses a weak solution. If v G M 9 (d£l), we say that v is a good measure 
on dCl. 

Finally, the set of pairs of measures (p,v) G M(Cl, p) x A4(dCl) such that 
(jl.ip possesses a solution will be denoted by M 9 (Q). 

In a recent paper Marcus and Ponce [3] studied the following problem. 
Let {p n } G M. 9 (Vt) be a weakly convergent sequence: p n — ^ p relative to 
Cq{Cl). Let u n be the solution of (II. 4p with p = p n and assume that u n — >• u 
in L 1 (il). In general it does not satisfy (II. 4D . But it was shown that there 
exists a measure p* such that 

(1.6) -Au + go U = p*. 

Moreover this measure depends only on the fact that u n satisfies the equation 

-Au n + g o u n = p n . 

It is independent of the boundary data for u n or indeed on whether u n has 
a measure boundary trace. If p n > then 

< p* < p. 

Furthermore it was shown that, under a mild additional condition on g, the 
following result holds: 

Let v n be the solution of the Dirichlet problem for equation —Av = p n . 
Suppose that p n > and that {gov n } is bounded in L 1 (0; p). Then p^ 1 and 
p are mutually a.c. 

The measure pF was called the reduced limit of {p n }- This notion is in 
some sense related to the notion of 'reduced measure' introduced in [2j. For 
a specific choice of {p n } the reduced limit p# coincides with the reduced 
measure. However in general they are not equal. 

In the present paper we continue this study considering similar questions 
with respect to sequences of pairs {(p n ,v n )} C A4 9 (Cl). Such a sequence 
is called a g good sequence. Suppose that v n — 1 v (weak convergence in 
A4(dfl)) and that pp n — 1 r (weak convergence in M(£l)). We shall say that 
(r, v) is the weak limit of the sequence. 
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Let u n be the solution of (jl.ip with (fi, v) = (n n ,v n ) and suppose that 
u n — > u in L 1 (il). By [3], u satisfies equation (jl.6p . Here we show that 
there exists a measure z^* € A4(d£l) such that u is the weak solution of the 
boundary value problem 

— An + g o u = in f2 
u = v* on dil. 

The pair (/z#,z/*) is called the reduced limit of {(/U n , f n )}. 

In general ^* depends on the sequence of pairs {(u n ,z/„)}, not only on 
{v n }. If a is subcritical we show that 

However in general the dependence of v* on the sequence of pairs is much 
more complex. 

Here are some of our main results. 

Theorem 1.2. Suppose that u n > and v n > for every n > 1. // z^* is 

the reduced limit of the sequence {(0,f n )} then 

< v* < v and < v* < v* + rl an . 
Theorem 1.3. Lei v n denote the solution of 

—Av = u n in VI, v = v n on dVt. 

Suppose that: 

(i) fJ>n > and i>„ > for every n > 1, 

(ii) {g o v n } is bounded in L 1 (Q; p), 
(Hi) g S Go satisfies the condition 

,. g(x, at) , . 

hm — = oo uniformly with respect to x Ell. 

a,t^oo ag(x, t) 

Then u + r\ gn and v* are mutually a.c. In particular v and u# are mutually 
a.c. 

For the statement of the next result we need an additional definition. 

Definition 1.4. A nonnegative measure a € A4(dSl.) is g-negligible if 

{A e M(dfl) : < A < a} n M g (dn) = 0. 

Theorem 1.5. Assume that g £ Q Q is convex and satisfies the A2 condition. 
Let {(// n , f n )} and {(fin, v n )} be g-good sequences with weak limits (r, v) and 
(f,f) respectively. Assume that, for every n > 1, (\/J, n \, Wn\) and (\p, n \, \v n \) 
are in M 9 (Cl). 

Let u n (resp u n ) be the solution of (jl.ip with (fJ,,v) = (/i n ,^ n ) (resp. 
(Ji n ,Vn)). Assume that 

u n — > u, u n — > u in L 1 (fi) 

and let (n*,v*) and (fi*,D*) denote the reduced limits of {(Hn^n)} an d 
{(Anj^n)} respectively. 
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// a subsequence of {p\jl n — /%|} converges weakly in A4(Q) to a measure 
A such that Al an is negligible then 

* ~ * 
v = v . 

2. Definitions and auxilliary results. 

Definition 2.1. Let g G Qq. We say that g satisfies the A2 condition if 
there exists a constant c > such that 

g(x, a + b) < c[g(x, a) + g(x, &)) V x G Q, a > 0, b > 0. 

In the next proposition we gather some classical results concerning the 
boundary value problem (jl.ip . 

Proposition 2.2. Suppose that g £ Go, v G .A4(<9r2) and p G .M(f2;p). 
Then: 

(i) Ifn,u>0 then (fj,, v) eM«(0)^^ .M 9 (ft) and 1/ G _M(<90). 
{ii) If n,v > 0, g satisfies A2 condition then 

p£M g {fl) and v G M{dQ) => (,u, 1/) G M 9 (£l). 

{Hi) Assume that (p,v) G .M 9 (f2). T/ien (jl.ip possesses a unique solution 
u. This solution satisfies: 

(2- 1 ) IHlLi(n) + \\9°u\\ L i^,p) < C(\\p\\M(n ]P ) + \W\\M(dU)), 
where C is a constant depending only on ft. 

(iv) Under the assumption of part (ii), u G L p (f2) for 1 < p < jrzr and 
there exists a constant C (p) depending only on p and Q such that 

( 2 - 2 ) Nl-w(n) < C(p)(||mIIm(Q;p) + \W\\M(m)) ■ 

Furthermore, u G W, „'f (^) and for every domain Q' d there exists a 
constant C{p,Vt') depending onp, Q,' and Vl such that 

( 2 - 3 ) ll u ll^i,P(n') - C{p,9!){\\n\\M{n') + W^WMidn)) ■ 

Assertion (i) and (ii) are obvious (see e.g. [H Theorem 2.4.5]). 
Assertion (hi) is due to Brezis |T] ; a proof can be found in [5j or [5] . 
Assertion (iv) is a consequence of (ii) and classical estimates for the cor- 
responding linear problem. 

Definition 2.3. A sequence {p n } G A4(Q,p) is tight if for every e > 0, 
there exists a neighborhood U of <9$7 such that 

/ pd\p n \ < e- 
J unn 

Definition 2.4. A sequence {£l n } is an exhaustion of SI if ' Cl n C Sl n +i and 
O n t ^- We say that an exhaustion is of class C 2 if each domain 

Q n is of this class. If in addition, $7 is a C 2 domain and the sequence of 
domains {£l n } is uniformly of class C 2 , we say that {Cl n } is a uniform C 2 
exhaustion. 
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Definition 2.5. Let u G W^(Q) for some p > 1. We say that u possesses 
an M— boundary trace on dQ if there exists v G M(d£l) such that, for every 
uniform C 2 exhaustion {Q n } and every h G C(O), 



u\dn n h dS — s- / h dv 
au„ Jan 

where u\gQ n denotes the Sobolev trace, dS = cffl^ -1 and H w_1 denotes 
(N — 1) dimensional Hausdroff measure. The M-boundary trace v is denoted 
by tr v. 

Proposition 2.6. Let p € p) and v G A4(dQ). Then a function 

u G with g o u G L l (Q,p), satisfies (|1 .3j) «/ and em/y «/ 

—An + g o u = p (in the sense of distribution) , 

tr u = v (in the sense of Definition \2. 5\) . 

This is an immediate consequence of @J Proposition 1.3.7]. 

3. Reduced limit of a sequence of measures in M 9 (d£l) 

In this section we discuss a sequence of problems 

-Au n +gou n = in tt, 
3.1 ~ n 

Un = On 0\l, 

where g & Go and 

(i) u n is a good measures on dfl, Vn G N 
V ' ; (*«) ^ n i/ in 

Lemma 3.1. Assume that {vn} satisfies (|3.2p and Zei n n 6e i/ie solution of 
(|3.ip . T/ien i/iere exists a subsequence {« n J i/iai converges in 

Proof. By Proposition l2.21 {u n } is bounded in L p (f2) for every p G [1, iV/ (iV— 
1)). Consequently, for each such p, {u n } is uniformly integrable in L P (Q). 
Furthermore {u n } is bounded in W^f(fl) for every p G [1, N/(N — 1)). 
Therefore there is a subsequence {n nfc } which converges in (fi) and point- 
wise a.e. to a function n. Combining these facts we conclude that u nk — > n 
in L\n). □ 



To simplify the presentation we introduce the following: 

Definition 3.2. (i) Let {p n } be a bounded sequence of measures in A4(Q; p). 
Assume that pp n is extended to a Borel measure (p n )p & A4(0) defined 
as zero on dCl. We say that {pp n } converges weakly in 0, to a measure 
t G M(£l) if {{pn)p\ converges weakly to r in i.e. 

/ (j)pdp n ^ _(j)dT G C(O). 

Jn Jfi 
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This convergence is denoted by 



pp n -± T. 
n 



(ii) Let {p n } be a sequence in A4.i oc {Q). We say that the sequence converges 
weakly to/16 A4i oc (Q) if it converges in the distribution sense, i.e., 

4>dp n 4>dp V^> G C C (Q). 

Jn 

This convergence is denoted by \x n —*■[!. 

d 

If {pp n } converges weakly in O to r then 

T 

Pn -7" Pint '■= — l n - 
a p 

Thus, for r as in part (i), 

(3.3) t = Tl gn + pp int . 

Lemma 3.3. Let {p n } be as in Definition 1 3. 6 3( i) and assume that pp n r. 
Then 

(3.4) lim f ipdp n = [ <pdp int - [ ^-dr 



n 



in Jan 



dn 



for every ip G Cq(Q). 
Proof. Put 



tp/p in 



(3.5) <p 
Then <p G C(Q) and consequently, using (j3.3|) . 



fe on an. 

an 



lim / ippdp n = 


- ipdr 


n ^°°Jn 


Jn 


/ a> int - / 


dip 
on 





□ 

Theorem 3.4. Assume that g £ Go and that {u n } is a sequence of measures 
satisfying (|3.2|) . Let u n be the solution of (|3.ip and assume that 

(3.6) n n — >• n in L 1 (f2). 

T/ien i/tere exists a measure v& G .M 9 (<9f2) suc/i f/tai 

—An + 5 o it = m fi, 

u = z/ ff on aiJ. 



Furthermore {{g o u n )p} converges weakly in to a measure A G M(Q) 
and 



(3.8) v* = v - Al 



an • 
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lfv n >0 then < v* < v. 

Remark. The measure v& denned above is called the reduced limit of {v n }. 
We emphasize that v^ 1 depends on the sequence, not only on its limit. 

Proof. By assumption — Au n + g o u n = in f2 and u n — > u in L 1 (fi) . 
Therefore, by [3j Thm. 1.3], 

(3.9) -Au + gou = in 0. 

(Note that, in the notation of [3], the present case corresponds to p, n = 
and therefore = 0.) 

Consider a subsequence of {u n } such that {pg o u n } converges weakly in 
Cl. The subsequence is still denoted by {u n } and we denote by A the weak 
limit of {pg o u n } in A4(0). Put 

(3.10) Aj n = Al n , Afcrf = Al an . 
Then g o u n ^ \nl P an d consequently 

-An + — = in fi. 
P 

Comparing with (|3.9p we obtain, 

(3.11) \ in = p(gou). 
For every G Cq(O), 

(3.12) - / u n Aipdx+ [ (gou n )ipdx = - [ ^-dv n . 

Jn Jn Jan On 

By the definition of A, Lemma I3T31 and (|3.1ip . 

(3.13) lim f (gou n )ipdx= [ (gou)ipdx— [ -^-d\ 
n ->°° Jn Jn Jan on 

Therefore, taking the limit in f|3. 12j) we obtain 



f uAipdx + f (gov)(pdx— f tt~^A 
Jn Jn Jan ° n 



dip 
an on 



Thus u is a weak solution of (|3.7p with v& given by (|3.8|) . By Proposi- 
tion [223 is the M-boundary trace of u; hence v& is independent of the 
specific subsequence of {(g o u n )p} that converges weakly in Cl. This fact 
and (|3.8|) imply that A^ is independent of the subsequence. By (|3.11|) . Aj n 
is independent of the subsequence. Therefore the full sequence {p(g o u n )} 
converges to A. 

If v n > then u n > and g o u n > 0. Therefore, in this case, A > and 
consequently v& < v. Further, u > and therefore its M-boundary trace, 
namely u^, is non- negative. □ 
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Lemma 3.5. Let {f n } and {y'^} be sequences of measures in A4 9 (d£l) with 
weak limits v and v' respectively. Let u n (resp. u' n ) be the solution of (II. ip 
with p = and v = v n (resp. v = u' n ). Assume that u n — >• u and u' n — > u' 
inL 1 ^). 

If v n < v' n for every n then i/# and (the reduced limits of the two 

sequences) satisfy 

(3.14) < (z/) # - v* < v' - v. 

Proof. Since v n < u' n we have u n <u' n . Hence 

v# = tr u < tr v! = (z/)* 

and 

A = lim p(g o u n ) < lim p(g o u' n ) = A'. 

By Theorem 13.41 these limits exist in the sense of weak convergence in A4(Cl). 
Furthermore, 

v* = v- X bd , {v')* =v'- X' bd . 

Hence 



(v> _ v ) _ ( X ' bd - A M ) <v' -v. 



□ 

Theorem 3.6. In addition to the assumptions of Theorem \3.4\ assume that 
g satisfies 

g(x, at) 

(3.15) lim — j- — - = oo uniformly with respect to x £ f2. 
a,t-s-oo ag(x, t) 

Put v n := P(^ n ), i.e. 

(3.16) — Av n = in O, v n = v n on dQ,. 

If v n > and {g o v n } is bounded in L 1 (Q; p) then v and (the reduced 
limit of {v-n}) ar e mutually absolutely continuous. 

We postpone the proof to Section 3 where we present a more general 
version of this result. 

Proposition 3.7. Assume that g E Qq. Let {f n } C M{dQ) be a bounded 
sequence such that \v n \ £ A4 9 (dQ) for every n. Denote by u n , u n ^\ and 
Un,2 the solution of (JT7TJ) with p = and v = v n , v = f+ and u = — v~ 
respectively. Assume that 

(3.17) v% ~^ v+ an d v n ~^ v ~ i n M(dSl). 

Then {u n } converges in L X (Q) if and only i/{it n ,i} and {"u n ,2} converge 
in L 1 (J7). Assuming the convergence of these sequences, denote by 
and vl^ the reduced limits of {v n }, {z^} and {— u~} respectively. Then 

(3.18) yf = {u*) + , 4 = -{»*)-. 
In particular 

v * =uf + uf 
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and 

= v if and only if = v + and = —v~. 

Proof. First assume that {u n }, {u n ,i} and {u n ^} converge in L l {Q). In that 
case, (|3.18p is proved exactly in the same way as pU Proposition 7.3], using 
Lemma 13.51 and the last assertion of Theorem 13.41 

Next assume that {u n } converges in L l (Q.) and let v# be the reduced limit 
of {v n }. Extract a subsequence {u nk } such that {u£ k } and {u~ k } converge 
in L 1 (J7). Denote the limits of these sequences by u' and u" respectively. 
By (j3T8|) 

tr u = vf = + . 

Thus v! is independent of the subsequence previously extracted. This implies 
that u+ — > v! in L 1 ^). Similarly we conclude that u~ — > u" in 

The same argument shows that if {u nj i} and {u n ^} converge in 
then {u n } converges in L l (£l). □ 

As a consequence of this proposition one obtains the following extension 
of Theorem 13.61 to sequences of signed measures. 



Corollary 3.8. In addition to the assumptions of Proposition \3. 7| assume 
that g satisfies (|3.15p . Let v n = P(|f n |) and assume that {gov n } is bounded 
in L l {Q,\p). Then v& and v are mutually absolutely continuous. More 
precisely, {v$ z ) + and v + (respectively and v~) are mutually a.c. 

4. Reduced limit of a sequence of pairs in Ai 9 (Cl) 

In this section we discuss the reduced limit of a sequence of pairs {(fi n , v n )} C 
M 9 (£l) associated with problem, 

Au n + gou n = p n in SI, 

( 4 - 1 ) 

Un = v n on oil. 
We assume that v n satisfies (|3,2p and p, n satisfies 

(i) fi n is a good measure in V n E N 
( 42 ) (ii) pfi n ^-TeM(n) (see Definition E2]). 

Theorem 4.1. Assume that g E Go, {p n ,v n ) E M 9 (fl), {v n } satisfies (|3.2p 
and {/J, n } satisfies (|4.2p . Let u n be the solution of (|4.ip and assume that 



u,. 



u in L (ft). 



Then: 

(i) {p{g ° u n )} converges weakly in Cl and 

(ii) 3 p* E .M(f},p), ^* E M(dtt) such that 

—Au + q o u = u* in 

u = v on oil. 
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Furthermore, if \i n > and v n > for every n > 1 then 

(4.4) 0<i/*<(i/ + rl an ). 

Remark. By [3l Theorem 1.3], /i* is independent of v n . 

Proof. Our assumptions imply that {f n } is bounded in M(d£l) and 

is bounded in A4(£l; p). Hence {p(g o u n )} is bounded in L x ($7). Therefore 

there exists a subsequence (still denoted by {u n }) such that 



pgou n ^ X 



(see Definition I3.2p . Put 



Ami = -l n and A M = Xl bd . 

By Lemma 13.31 

(4.5) lim / (gou n )ipdx = [ pdX int - [ ^-dX 
n ^°° Jn Jn Jan on 

and (fBTil) holds for every </? £ Cq(O). 
As u n is the weak solution of (|4.ip . 

(4.6) / ( - ti„A(/3 + (g o u n )ip)dx = I tpdp n - I jf-dv n 



dp 

—dv 
1 an on 



'an dn 

for every ip € Cq(CI). Taking the limit as n — > 00 and using (|3,4p and (|4.5p 
we obtain, 

- / uApdx + / ipd(X int - Pint) ~ [ Trd(X bd - t m ) = - [ 
Jn Jn Jan on Jai 

for every <p € Cg(fi). Thus u is the weak solution of (I4.3P where 

(4.7) p* = g o u - (X int - Pint) 

(4.8) v* := v - (A M - t m ). 

By [5J Theorem 1.3], p* depends on {p n } but is independent of {v n }- 
The fact that u is the weak solution of (|4.3p implies that is the M- 
boundary trace of u; as such v* is independent of the specific weakly con- 
vergent subsequence of {p(g o u n )}. Therefore, by (|4.8p . A^ is independent 
of the subsequence. In addition by (|4.7p and [3j Theorem 1.3], A m t is inde- 
pendent of the subsequence. This implies that the full sequence {p(g o u n )} 
converges to A. 

If p n , v n > then u n > and g o n„ > 0. Therefore, in this case, v* > 
and A > 0; hence, by <SM v* <v + t m . □ 



Definition 4.2. If {{p n ,Vn)} £ .M 9 (fi), {f n } satisfies (|3.2p an<i {// n } sai- 
is/ies (|4.2p w;e say £/ia£ {(/U n , f n )} is a g-good sequence that converges weakly 
to (r, v) in £l. 

If in addition u n ^ u in L 1 (0) we say that (p*,v*), defined as in Theo- 
rem \4-l\ is the reduced limit and v* is the boundary reduced limit of{(p n , v n )}. 
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Theorem 4.3. In addition to the assumptions of Theorem \4- 1\ assume that 
g(x,-) satisfies (|3.15p . 

Let v n be weak solution of 

(4.9) — Av n = fi n in f2, v n = v n on dVt. 

If fi n , v n > and {g o v n } is bounded in L l {Q;p) then v* (defined as in 
Theorem \4-l\ ) and v + fj,^ are absolutely continuous with respect to each 
other. 

Remark. As a consequence of Theorem 8.1] in combination with [3, The- 
orem 1.3], p* and pi n t are absolutely continuous with respect to each other. 

Proof. Given a G (0, 1), we have 

< g o (av n ) < g o v n . 

Thus there exists Co > such that 

\\9 ° {^v n )\\ L i { ^ p) < C Vn > 1, Va G (0, 1). 

Let {a/;} be a sequence decreasing to zero. One can extract a subsequence 
of {p(g o (av n ))} (still denoted {p(g o (m n ))}) such that, for each k, there 
exists a measure cifc G .M(Q) such that 

(4.10) pgo(a k v n ) ^ a k . 

a 

Let u; n) fe be the solution of the problem 

—Aw + gow = a k p n in O, 

(4-11) o n 

u; = a k v n on aiJ. 

«fcV n is a supersolution of problem (|4.11j) ; therefore 

(4.12) w n ^ k <a k v n . 

Passing to a subsequence, we may assume that {w H:k } converges in L x ($7) 
for each k G N. Denote by (p k ,i^l) the reduced limit of (a k p n , a k v n ). By 
Theorem 14.11 {p(o o u> nj fc)} converges weakly in for each k G N; we denote 
its limit by X k . By the proof of Theorem 14.11 - specifically (|4.8p - 

v% = a k v - (A fe - a k T)l gn . 

By (031 

° («fc«n) - /0((5 ° Wn,k)) ~^ ° k - X k > 0. 

Thus 

(4.13) (<7 fc - A fc )l an = a fc l 9n + i/jj - a fc (i/ + rl 9n ) > 0. 

Let u n be the solution of (|4.ip . Evidently w U:k < u n for every k,n G N. 
Consequently 

Wfc := limw rai fc < limu n = u. 
This in turn implies that 

(4.14) v* k = tr w k < tr u < u*. 
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Finally, combining (14.131) and (j4.14j) we obtain 

(4.15) a k {v + Tl gn ) <a k l an +u*. 

In view of (13. 15ft . for every e > there exist oq, to > 1> such that 

(4.16) — - — — > - Va > do, t> t . 

ag(x,t) e 

Consider the splitting of p(g o (akV n )) as follows, 

p(g o (a k v n )) = p{g o (a k v n ))l lakVn<to] + p(g o {a k v n ))\ akVn > to] ■ 

By passing to a subsequence we may assume that each of the terms on the 
right hand side converges weakly in Cl to a\ k and er 2 ^ respectively, for each 
fc > 1. Since {p(# o (a k v n ))l [akVn<to] } is uniformly bounded, cr 1)fc l on = 0. 
Thus 

But 

ll^.fcll A4fm < liminf / p(g o (a fc u n )). 

Therefore 

IkfciaJlMfSQ) < liminf / p( 5 o {a k v n )). 

n ^°° J[av n >t ] 

For k sufficiently large, say k > k e , — > ao . Applying (|4. 16[) with a = 
— t = we obtain 

5 o (a fc Un)l [Q „ n > to] < a k e(g o v n ) 
for k >k e and n > 1. Hence 

\\ a k^ an \\MidQ) - afeeliminf / p(g o v n ) < C ea k VA; > k e . 
n ^°° Jo, 

Therefore 

(4.17) H^H.M(0C) 0. 

a k 

Since v* < v + Tl sn , we only have to prove that v + rl gQ is absolutely 
continuous with respect to v*. Let -E C d£l be a Borel set such that v*{E) = 
0. Then, by (|4TT5l) 

a fc (i/(£) + r(£)) <a k (E) Vfc>l. 
This inequality and (f4T7j) imply that + r(£?) =0. □ 

Lemma 4.4. Let g £ C?o- Assume that {(p n ,v n )} and {(p n },D n )} be g good 
sequences converging weakly in Cl to (r, u) and (f, v) respectively. 

Let u n (resp u n ) be the solution of f)l . 1 H with (p,u) = {p, n ,u n ) (resp. 
{p n ,v n )). Assume that 

u n — > u, u n — > tt in L 1 ^) 
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and let and (p,*,i>*) denote the reduced limits of {(//„, z/ n )} and 

{(An-^n)} respectively. 

Under these assumptions, if 

< An> v n <v n Vn > 1 

then 

(a) 0<u*-u*<(u-u) + (f-r)l gn , 

(b) < p,* - fi* <-(? - r)l n =: flint - Hint- 
Proof. Inequality ()4.18j) (b) is proved in [31 Theorem 7.1]. (Recall that the 
reduced limit fx* is independent of {^ n }-) It remains to prove (|4.18j) (a). 
Clearly u n < u n , thus u < u. Hence v* < v*. By Theorem 14.11 there exist 
measures A, A € M(Cl) such that 

p<? o u n — Y A and pg o u n ^ A. 
n n 

Since u n <u n , we also have A < A. Therefore from Theorem 14.11 

< z>* - z/* = v + f l en - Al 9n - (i/ + rl sn - A1 S J 

= (y -„) + (?- T)l m — (A — A)l sn 

< (i? - i/) + (f - r)l aQ 
This proves gH]) (a). □ 

Corollary 4.5. Lei g E Go, u n be the weak solution of (|4.ip and u n be the 

weak solution of (jl.ip with (fJ,,u) = (fL n ,is n ). Assume that 

pfj, n -r 1 PAn A anc ^ ^n ^ V\ 

(4.19) n n 

u n — > u, f n — > v in L 1 (Q). 

Let (fj,*,v*) (respectively (fl*,D*)) denote the reduced limit of {(p n ,v n )} (re- 
spectively {{fi n -,v n )}). If p n < An and {An — then v* = i>*. 

Proof. By Lemma 14.41 

0<P*-^<(f-r)l 9n . 
Since {An - Pn} is tight we have (t— r)l an = and consequently z^* = P*. □ 
The next corollary provides an improved inequality for v* (compare to 

Corollary 4.6. Ler: {(p n , v n )} be a g-good sequence weakly convergent to 
(t,v) in Q (in the sense of Definition ^. 2^ . Assume that the sequence has 
reduced limit 

If Mn > and v n > for every n > 1 t/ien 



SS2 ' 



(4.20) < v* < v* + rl 

where v& is the reduced limit of {v n } defined in Section 2. 
Proof. We apply Lemma |4~41 to the sequences {(p n ,v n )} and {{Q,v n )} □ 
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5. Subcritical problem 

Theorem 5.1. Assume that g £ Qq has subcritical growth with respect to 
the boundary, i.e., there exists C > and q < jf^j such that 

(5.1) \g(x,t)\ < C(|t| 9 + i) WeK. 

Let {p n } C Wl(£l; p) and {v n } C Wl(dQ.) and let u n be the weak solution 
of the problem 

-Au n + g o u n = p n in tt, 

( 5 - 2 ) 

u n = v n on Oil. 

Assume that 

(5.3) v n — v weakly in d£l, pp n -± r weakly in Cl. 

n 

If u n — > u in L 1 ^) i/ien u is a weak solution of the problem 
-Au + gou = pi n t in tt, 

(5-4) 

u = v + rl en on oil. 

where p int = £l n - 

Remark. In the present case, if /x n , f n satisfy the assumptions of the theorem 
then {ii n } has a subsequence converging in L 1 ^). This is proved as in 
Section 2. 

Notation: Given p € 971(0; p) we denote by G(p), the weak solution of the 
problem 

(5.5) — Au = p in Q; u = on e?fJ. 

Given ^ € 9Tt(<9f2) we denote by P(i/) the weak solution of the problem 

(5.6) Av = in Q; v = v on d£l. 
Proof. First we show that 

(5.7) g o u n — > g o u inL 1 (ri,p). 

Define G(|/i n |) := u n and P(|f n |) := v' n . Then v n + v' n satisfies 

-A(v n + v' n ) = \p n \ in 0; v n + v' n = \u n \ on 90. 

Let J7 n denote the weak solution of (jl.ip with (/i,^) = (|/z n |, |z/ n |). (Con- 
dition (|5.ip implies that every pair of measures is good.) By comparison 
principle we have 

\u n \ <U n <v n + v' n a.e. 

Thus 

\g o u n \ < g o U n < g o (v n + v' n ) < C(\v n + v' n \ q + 1) < C'(\v n \ q + \v' n \ q + 1). 
By classical estimates 

lA*n|)llz*(n;„) ^ C P G [1, (iV + 1)/(N - 1)) 
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and 

I 'Ail) II LP(ft;p) — C P \\ u n\\M(dfl) 

Vp G [1, (N + 1)/(JV - 1)). 

Hence, {v n } and {v' n } are bounded in L p (tl; p) for every p as above. This in 
turn implies that they are uniformly integrable in each of these spaces. It 
follows that {g o u n } is uniformly integrable in L l (Q; p). Since u n — > u in 
L 1 (Q) there exists a subsequence {u nk } that converges a.e. to u. Therefore 
g°u nk — > gou .in L l (£l; p). As the limit does not depend on the subsequence 
we conclude that g o u n — > g o u in L x (0; p). 

By (|5.7p {<? o u n } is bounded in .M(0;p)}; therefore a subsequence (still 
denoted {g o u n }) converges weakly in M(Cl) to a measure A. As lifi is a 
weak solution of (|5.2p . 

(5.8) / ( -u n A<p + (gou n )(p) dx = [ ipdp, n - [ ^f-dv n VV G Cq(Q). 
.Vn j 9n 0,11 

By Lemma 13.31 and (|5.7h . 

(go u n )ip dx — » / (jo ii)c^ 

and 

/ 99 cfy/ n [ if dpi n t - f ^ dr. 
Jq Jn Jan an 

Therefore taking the limit in (|5.8p . we obtain 



-uAip + (g o ii)</>) dx = I <p 



□ 



6. Negligible measures 

Theorem 6.1. Assume that g G Qq is convex and satisfies the A2 condition. 
Let {(p n ,i; n )} and {(/x n ,z/ n )} be g-good sequences converging weakly in to 
(t,v) and (f,v) respectively. Assume that, for every n > 1, (\p n \, \f n \) and 
(|An|> \ v n\) are in A4 9 (0). 

Let u n (resp u n ) be the solution of (jl.ip (/x, v) = (p n ,v n ) (resp. 

(p n ,v n )). Assume that 

u n — >• u, u n — > u in L 1 (fi) 

and let (p*,i/*) and denote the reduced limits of {(p n ,u n )} and 

{(An,^n)} respectively. 

Assume that a subsequence of {p\p n — p n \} converges weakly in M(Q) to 
a measure A such that Al gn is negligible. Then 
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Proof. First we prove the result in the case that 

(6.2) /J, n < fin. 

This condition implies that u n < u n and consequently u* < u* . By 
Lemma 14.41 

(6.3) o<P*-^<(f-r)l aQ . 
Observe that 

(6.4) \v*\ £M 9 (dn), \v*\ G M 9 (d£l), 9* - v* G M 9 {dn). 

Passing to a subsequence we may assume that: (a){(|/z n |, \ fn\)} possesses a 
reduced limit (p,, v) and (b) {p\jl n — Pn\} converges weakly in M.{pt) to a 
measure A such that Al an is negligible. 

Thus (p,, v) G A4 9 (£l); since both measures are positive it follows that 
Jl G M 9 (£l) and v G M 9 (dSl). Clearly \v*\ < v; therefore \u*\ G M 9 (dQ). 
Similarly \v*\ G M. 9 {dQ). In view of our assumptions on g, these facts imply 
that D* - v* G M 9 (dn). 

Since (f — r)l gn is negligible while v* — v* is a non-negative measure in 
M 9 (dQ), ([63]) implies that v* = v* . 

Next we drop condition (|6.2p . Without loss of generality we may assume 
that the entire sequence {p\p n — Pn\} converges weakly in to A. 

Put j n := p n + \p n — p, n \. Since g is super additive (as a consequence 
of the convexity assumption and the fact that g(x, 0) = 0) and satisfies 
the A2 condition |7„| G Ad 9 {Q). Since \v n \ is a good measure it fol- 
lows that (|7n|i \ v n\) 6 A4 9 (Ct). Passing to a subsequence we may assume 
that{(7 n , f n )} converges weakly in fi and possesses a reduced limit (7*, v*). 

Note that 

Pn < In, fin < In VVl > 1. 

Furthermore, 

P{ln ~ Pn) A. 

Therefore, by the first part of the proof, applied to the sequences {(7™, v n )} 
and {(p n ,v n )} we obtain, 

* * 

V = V-y . 

Next observe that 

Yin - An I < 2|/t„ - p n \. 

Consider a subsequence of {p\^ n — /x n |} that converges weakly in A4(Ct) to a 
measure A'. Then A' < 2A and, as Al SQ is negligible, it follows that A'l an 
is negligible. Applying the first part of the proof to the sequences {(7 n , ^n)} 
and {{fini u n)} we obtain, 

v = 17 . 

Combining these facts we obtain (|6.ip . □ 
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Remark. If all the measures are non-negative and fi n < \x n then the con- 
clusion of the theorem is valid for every g £ Go, i-e., convexity and the A2 
condition are not needed. Indeed in this case v* and v* are non-negative and 
v* < v*. Furthermore, by definition, the reduced limits belong to M 9 {Cl). 
As the measures are non-negative this implies that u* and v* are in AA 9 (dQ). 
These facts imply that v* — v* is a non-negative good measure. As f — r is 
negligible, (16.3H implies that u* = v* . 
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